FtsZ, a highly conserved bacterial tubulin GTPase homolog, is a central component of 16 the cell division machinery in nearly all walled bacteria. FtsZ polymerizes at the future 17 division site and recruits > 30 proteins that assemble into a macromolecular complex 18 termed divisome. Many of these divisome proteins are involved in septal cell wall 19 peptidoglycan (sPG) synthesis. Recent studies found that FtsZ polymers undergo GTP 20 hydrolysis-coupled treadmilling dynamics along the septum circumference of dividing 21 cells, which drives processive movements of sPG synthesis enzymes. The mechanism 22
testing, we show that FtsZ treadmilling drives the directional movement of sPG-25 synthesis enzymes via a Brownian ratchet mechanism, where the shrinking end of FtsZ 26 polymers introduces an asymmetry to rectify diffusions of single enzyme molecules into 27 persistent end-tracking movement. Furthermore, we show that processivity of this 28 directional movement hinges on the balance between the enzyme's diffusion and FtsZ's 29 treadmilling speed, which provides a mechanism to control the level of available 30 enzymes for active sPG synthesis, explaining the distinct roles of FtsZ treadmilling in 31 modulating cell wall constriction rate observed in different bacterial species. homologue and GTPase 5-7 . In E. coli during cell division, FtsZ polymerizes at the 47 cytoplasmic face of the inner membrane to form a ring-like structure (Z-ring) at mid-cell 8-48 10 . The Z-ring then locally recruits an ensemble of more than 30 proteins, many of which 49 are sPG-remodeling enzymes 1,11 , to initiate septal cell wall constriction. New studies 50 employing super-resolution and single-molecule imaging in vitro and in vivo have 51 demonstrated that the FtsZ polymers exhibit GTP hydrolysis-driven treadmilling 52 dynamics, which are the continuous polymerization at one end and depolymerization at 53 the other end, with individual FtsZ monomers remaining stationary in the middle 12, 13 . 54
Most interestingly, it was found that FtsZ's treadmilling dynamics drives processive 55 movements of the essential sPG transpeptidase (TPase, FtsI in E. coli and PBP2B in B. 56 subtilis) 12,13 and glycosyltransferase FtsW 14 . Consequently, it was proposed that the 57 FtsZ's treadmilling dynamics spatially and temporally distribute sPG synthesis enzymes 58 along the septum plane to ensure smooth septum morphogenesis 13 . However, it is 59 unknown how FtsZ's treadmilling dynamics with stationary monomers in the cytoplasm 60 are transduced into the periplasm to drive the persistent and directional movement of 61 cell wall synthesis enzymes. The role of FtsZ's treadmilling dynamics in modulating sPG 62 synthesis activity also remains elusive, as it was shown that the cell wall constriction 63 rate is dependent on FtsZ's treadmilling speed in B. subtilis 12 but not in E. coli 13 , S. 64 aureus or S. pneumoniae 15, 16 . 65
66
In this work, we combined agent-based theoretical modeling with single-molecule 67 imaging-based experimental testing to address the mechanism involved in FtsZ 68 treadmilling-dependent processive movement of sPG enzymes and the associated role 69 in bacterial cell division. We found that a Brownian ratchet mechanism underlies the 70 persistent and directional movement of single sPG synthesis enzyme molecules (using 71 FtsI as the model) driven by FtsZ's treadmilling dynamics. Most importantly, the 72 processivity of the Brownian ratchet is modulated by the balance between FtsI's random 73 diffusion and FtsZ's treadmilling speed. This finding indicates that different bacterial 74 species could harness the same FtsZ treadmilling machinery -but modulate diffusions 75 of sPG synthesis enzymes -to achieve distinct processivities of sPG enzymes and 76 control their availability for sPG synthesis. As such, FtsZ's treadmilling dynamics impact 77 the rate of cell wall constriction differentially in different species. Given the lack of linear 78 stepping motors in the prokaryotic world, our work suggests a general framework on 79 how polymer dynamics coupled with Brownian-ratcheting could underlie directional 80 transport of cargos and be shaped by evolution to meet the needs of different cellular 81 milieus. 82
83

Results
84
Model description 85 86
Our model is based on the concept of a Brownian Ratchet, where FtsZ's treadmilling 87 events introduce an asymmetry to bias the random diffusion of FtsI molecules in the 88 periplasm, upon which FtsI persistently follows the shrinking end of a treadmilling FtsZ 89 filament ( Fig. 1) . The quantitative details of the model are rooted in the physical and 90 chemical properties of key components of the system, which can be well characterized 91 by experiments. 92 93 As shown in Fig. 1 , the model describes the movement of a FtsI molecule at the septum 94 as a quasi-1D problem. The model assumes that FtsI, the essential TPase with a single 95 transmembrane domain and a cytoplasmic tail, can freely diffuse along the inner 96 membrane at the septum or interact indirectly with the treadmilling FtsZ filament 97 underneath the inner membrane (Fig. 1A) . The dynamics of a single FtsI molecule at 98 septum is thus determined by three parameters, the constant of FtsI's free diffusion (D), 99 the treadmilling speed (V Z ) of FtsZ filaments, and the attraction force determined by the 100 binding potential (U) between FtsI and FtsZ ( Fig. 1B 
and C). The diffusion constant of 101
FtsI in E. coli and PBP2B in B. subtilis were measured to be in the range of ~ 10 -3 -10 -1 102 μm 2 /s using single-molecule tracking (SMT) 17,18 ; the average treadmilling speed of FtsZ 103 was at ~ 20 -40 nm/s in vivo but can be a few-folder faster in vitro, therefore we set a 104 large range of 10 -100 nm/s 19, 20 . FtsI interacts with FtsZ at septum indirectly through a 105 relay of protein-protein interactions that include FtsN, FtsA, and/or FtsEX 1,21 . For 106 simplicity we omit the details of the protein-protein interaction relay but refer to it as the 107 interaction between FtsI and FtsZ. The indirect interaction between a FtsZ monomer 108 and a nearby FtsI molecule constitute an attractive force for each other and can be 109 described as a short-ranged harmonic binding potential (Fig. 1C ). We assumed the 110 potential range at ± 2.5 nm, commensurate with the size of a FtsZ monomer (~ 5 nm) 22-111 25 , and the potential's magnitude at ~10 k B T, corresponding to a K d in the μM range, 112 which is typical for protein-protein interactions in the bacterial divisome system [26] [27] [28] [29] [30] . 113
114
To numerically compute the model, we describe the dynamics of FtsI by a Langevin-115 type equation (equation (1)) where the viscous drag force on the molecule is in balance 116 with a driving force f and a force from thermal noise ξ:
Here, x(t) represents the location of a FtsI molecule at time t along the 1D septum. λ is 120 the effective viscous drag coefficient for FtsI's movement with λ = k B T/D, where D is the 121 diffusion constant of the free FtsI on the inner membrane when it is not interacting with 122
FtsZ. f(x(t)) is the attractive force exerted upon the FtsI molecule by the FtsZ binding 123 potential, U(x, t) (Fig. 1C ). Specifically, f(x(t)) = -∂U(x, t)/∂x at time t. The last term ξ(t) Importantly, such distinctive dependences of duration and run distance on FtsZ 252 treadmilling speed is a natural consequence of the Brownian ratchet mechanism 253 (Supplementary Info). Qualitatively speaking, when a FtsZ subunit falls off from the 254 shrinking end of the FtsZ filament, the associated FtsI molecule will either diffuse away 255 or catch up with the next FtsZ subunit in the row to continue end-tracking, the latter 256 depending on how fast FtsZ treadmills. When FtsZ treadmills too fast (for example > 50 257 nm/s), it will be difficult for FtsI to catch up (Fig. 3A) , resulting in early termination of 258 end-tracking, and hence both the persistence run distance and duration will be short. 259
When FtsZ treadmills relatively slowly (< 50 nm/s), the probability of FtsI catching up 260 with the shrinking end of the FtsZ filament is high (Fig. 3A) . Therefore, the persistence 261 run distance will be proportional to the FtsZ treadmilling speed as predicted in Fig. 3D . 262
Within the same time window, however, when FtsZ treadmills slowly, an end-tracking 263
FtsI molecule would face fewer number of dissociation events, and hence there is a 264 lower chance for FtsI to diffuse away to terminate the trajectory, leading to a longer 265 duration of persistence run compared to the regime when FtsZ treadmills relatively fast 266 (but still < 50 nm/s). One can imagine in the extreme case where FtsZ does not 267 treadmill at all (V Z = 0), the duration of persistence runs would then be mainly dictated 268 by the intrinsic dissociation rate of FtsI from FtsZ, and the persistence run distance 269 would be the shortest (i.e., the size of a single FtsZ subunit). An analytical proof of 270 these relationships was provided in Supplementary Information and Extended Data Fig.  271 
272 273
Single-molecule tracking of FtsI confirms model predictions 274
To experimentally examine the model's predictions as described above, we performed of the inner membrane helix (19) of FtsI (Fig. 4Ai) . We integrated the ftsI-halo SW fusion 280 gene into the chromosome replacing the endogenous ftsI gene and showed that it was 281 expressed as a full-length fusion protein and supported normal cell division 282 indistinguishable from wild-type (WT) cells (Extended Data Fig. 2) . 283
284 To obtain precise measurements of the persistence run distance and duration of single 285
FtsI-Halo SW molecules, we trapped individual E. coli cells vertically in agarose 286 microholes made using cell-shaped nanopillar molds as previously described 33,34 so that 287 the entire circumference of the septum could be visualized at the same focal plane (Fig.  288 4Aii). To determine whether a FtsI-Halo SW molecule was at a septum, we labeled the 289 FtsZ-ring using an ectopically expressed GFP-ZapA fusion protein, which we and others 290 have previously shown as a faithful marker of the Z-ring localization and dynamics 35 . 291
The GFP-ZapA image also allowed us to unwrap the circular trajectories of FtsI-Halo 292 molecules along the septum to linear displacements along the circumference of the 293 septum, from which we could measure the persistent run speed, distance, and duration 294 ( Fig. 4Aiii-v) . 295 296 As shown in Fig. 4B , the directional moving speed of FtsI-Halo exhibited a wide 297 distribution as we previously showed for FtsZ's treadmilling. Consistent with our 298 prediction (Fig. 3A) , the occurrence of FtsI's directional movement decreases 299 significantly as the speed is > 40 nm/s. Most excitingly, the persistence run distance and 300 duration exhibited precisely the same trends as what was predicted by the model: while 301 the run duration decreased monotonically (Fig. 4C) , the persistence run length 302 increased and then decreased when FtsI's speed increased (Fig. 4D ). Note here that 303 we inferred FtsZ's treadmilling speed from FtsI's directional moving speed due to the 304 difficulty in the two-color co-tracking experiment, although we have demonstrated 305 previously that these two were linearly coupled 13 . Also note that one potential caveat in 306 these experiments was that a very fast FtsZ treadmilling speed (i.e., > 80 nm/s) is rare 307 in wildtype E. coli cells as we showed previously and here by the FtsI speed distribution. 308 Therefore, given the relatively small dataset for high speed FtsZ treadmilling, our data 309 may not be definitive to distinguish whether the FtsI couldn't effectively end-track fast 310
FtsZ treadmilling or there were simply not many fast FtsZ treadmilling events in the first 311 place. Nevertheless, the agreement of our experimental measurements with theoretical 312 predictions supported the validity of the Brownian rachet model. 313
314
Brownian ratchet mechanism explains the differential dependence of sPG FtsI again using a faster frame rate (20 Hz) in order to capture freely diffusing molecules. 376
The mean-square-displacement (MSD) analysis showed that the apparent diffusion 377 constant of FtsI in wildtype E. coli cells was ~ 0.024 μm 2 /s ( Fig. 5D ), well within the 378 predicted range in Fig. 5A We further note that in addition to E. coli and B. subtilis, other bacteria seem to adopt 417 more diverse strategies of exploiting FtsZ treadmilling in sPG synthase activity and cell 418 division. For instance, in S. aureus, it was observed that septum constriction was 419 dependent on FtsZ's treadmilling initially but becomes independent at a later stage 38 . In 420 S. pneumoniae, the directional movement of the synthase complex was found to be 421 completely independent of FtsZ's treadmilling 15 . It will be in our future work to 422 interrogate whether and how the Brownian-ratchet mechanism plays out under these 423 different contexts. In a broader scope, given the lack of linear stepper motors in 424 prokaryotic world, Brownian-ratcheting appears to be an ancient mechanism for directed 425 cargo transportation in bacteria -another salient example is ParA-mediated DNA 426 partitioning 39-41 . Interestingly, a similar Brownian-ratchet mechanism also underlies 427 directional movements of mitotic chromosomes by end-tracking spindle microtubule in 428 eukaryotes 42 . Can we distill unified fundamental principle(s) by which evolution shapes 429 the same Brownian-ratchet mechanism to meet distinct needs under different contexts? 430
We will relegate these exciting quests in our near-future study. 431 
